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It is difficult to establish structure-property relationships in thermal barrier coatings
(TBCs) because of their inhomogeneous-geometry microstructures caused by defects. In
the current research, the effects of pores and cracks on the effective thermal conductivity
of TBCs are studied. Based on the law of the conservation of energy, mathematical formu-
lations are proposed to indicate the relationship between defects and the effective thermal
conductivity. In this approach, detailed equations are illustrated to represent the shape and
size of defects on the effective thermal conductivity of TBCs. Different from traditional
empirical analyses, mixture law or statistical method, for the first time, our results with
the aid of finite element method (FEM) and strict analytical calculation show the influence
of pore radius and crack length on effective thermal conductivity can be quantified. As an
example to a typical microstructure of plasma sprayed TBCs, the effects of defects on the
effective thermal conductivity of TBCs are expressed by the influence parameter, which
indicating that the longest transverse crack dominates the contribution of the effective
thermal conductivity along the spray direction compared with any individual defect.

� 2011 Elsevier Inc. All rights reserved.
1. Introduction

It has been shown both experimentally and theoretically that thermal properties are strongly dependent on all kinds of
defects in materials [1,2]. The defective microstructures of TBCs greatly influence the effective thermal conductivity and thus
influence thermal resistance behaviors. Usually, microscopically defective materials can be equivalently replaced by a mac-
roscopically homogeneous continuum medium with properly defined effective properties [3]. However, effective properties
are related to detailed microstructure of inhomogeneities. Depending on the shape and the distribution of the defects, the
overall properties of TBCs will possess different degree of anisotropy.

For optimal design, establishing microstructure-property correlations is necessary. There has been extensive analytical
and numerical work in establishing relations between thermal conductivity and microstructures for porous media.
Hasselman and Singh [4,5] presented expressions for the effect of penny-shaped cracks and micro-cracking on the thermal
conductivity of solid materials. In [6], a model without considering reactions between defects provides very good agreement
in the thermal conductivity of TBCs between the estimated and experimental values, which indicates the reactions between
defects is sufficiently small that can be ignored. Markov and Preziosi [7] reviewed some rigorous method to relate effective
properties including thermal conductivity of random porous media through microstructure characterization via statistical
correlation function. Nicholls and co-workers [8] reviewed methods capable of lowering the thermal conductivity of
. All rights reserved.
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Nomenclature

K thermal conductivity
K0 thermal conductivity of the non-defective bulk material
Keff effective thermal conductivity
rT temperature gradient
DT temperature difference
l width of plate
h height of plate
qC total steady-state heat flux per unit thickness
Qsum total heat power through the plate
q porosity
A area of nonlinear thermal gradient region around the defect
a pore radius
b half of crack length
CK an independent variable of nonlinear area around the defect
D the influence parameter of defects on the effective thermal conductivity
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EB-PVD TBCs and identified four significant factors that may lower the coating thermal conductivity by modifying either
phonon and/ or photon transport. Lu and Song [9] proposed an expression for the reduced effective thermal conductivity
of composites containing randomly distributed spherical inclusions. Sevostianov and Kachanov [10] calculated effective
anisotropic thermal conductivities of the plasma sprayed ceramic coating in terms of the relevant microstructural parame-
ters. Considering the reduction in the intrinsic thermal conductivity due to scattering of phonons, the Maxwell theory was
used to analyze the thermal conductivity of porous yttria-stabilized zirconia [11]. Clarke [12] estimated the minimum ther-
mal conductivity of insulating materials in the absence of rigorous theories for high-temperature thermal conductivity of
TBCs. Nakamura and co-workers [13] have investigated effects of pores and interfaces on effective thermal conductivity
of plasma sprayed zirconia coatings, and they found the splat interfaces were as equally important as the porosity in defining
the properties of plasma sprayed coatings. Cernuschi and co-workers [14] have studied the effect of porosity on the thermal
diffusivity on artificially aged, free-standing thermal TBCs produced by air plasma spray. Also, numerous traditional empir-
ical formulas were applied to calculate to the effective thermal conductivity of coatings [15–17]. Additionally, in [18] and
[19], the authors took use of the object-oriented finite element (OOF) method [20] to study the effective thermal conductiv-
ity of coatings with actual microstructures, and most of their works only referred to the relationship between porosity and
the effective thermal conductivity. All these previous studies provide useful information about fundamental characteristics
and methodologies in thermal conductivity analysis of porous materials. However, no detailed mathematical formulation is
developed to explain how the shape, size and distribution of defects affect the effective thermal conductivity.

In our previous research [21], new expressions have been proposed to study effects of splat interfaces and defects on
effective properties of thermal barrier coatings, and a comparison between effect coefficients of splat interfaces and defects
shows that splat interfaces account for about 55–70% of the total reduction in the effective thermal conductivity, which indi-
cates that the splat interfaces have greater influences on the thermal conductivity than defects, quite different from any tra-
ditional opinion. In this context, novel mathematical formulas are proposed to indicate the relationship between defects and
the effective thermal conductivity of TBCs by the law of the conservation of energy. In the mathematical expression, the ef-
fect of nonlinear area around the defect on the effective thermal conductivity is an independent variable determined by the
defect itself. For the first time, the effective thermal conductivity affected by the radius of pore and the length of crack is
expressed mathematically in detail. Additionally, using the newly developed mathematical expression, we further analyze
the contribution of defects to the effective thermal conductivity of a typical TBC microstructure along the spray direction.

2. Mathematical formulation of the effective thermal conductivity affected by defects

2.1. Prediction of the effective thermal conductivity

Thermal conductivity K is the property of a material that indicates its ability to conduct heat. It appears primarily in Fou-
rier’s law for heat conduction.
q ¼ �KrT; ð1Þ

rT ¼ n0
DT
dh

; ð2Þ
here, rT is the temperature gradient, DT is the temperature difference and dh is the thickness of conducting surface sepa-
rating the two temperatures.
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The effective thermal conductivity is determined by the steady-state heat transfer analysis. To obtain the effective ther-
mal conductivity along the heat flow direction, a fixed temperature difference is set between the top and the bottom bound-
aries, and the other two boundaries are kept insulated. Thus, the effective in-plane thermal conductivity, Keff, in the heat flow
direction can be computed with Fourier’s equation:
Keff ¼
qC � h
DT � l : ð3Þ
Here, qC is the total steady-state heat flux per unit thickness through any transverse cross-section of the model. h and l are
the height and width of the model, respectively. It should be emphasized that Keff in this context is determined by defects
without considering the influence of splat interfaces. With this assumption, effects of the shape, size and distribution of de-
fects on the thermal conductivity can be clarified more clearly.

2.2. Effects of defects on the effective thermal conductivity

The top and the bottom of a rectangular plate of TBCs with unit thickness are assigned constant temperature of T + DT and
T, such that a temperature difference of DT is set up across the plate. The other two sides are kept adiabatic. Under steady-
state conditions, the total heat power Qsum through TBCs can be computed from Eq. (3):
Q sum ¼ Keff � DT � l: ð4Þ
If the material of TBCs is isotropic, for plate without defects inside, the heat power is given by Fourier’s law as follows
Q sum ¼
Z

S
K0 � ðdrTÞTrTdS ¼

Z
S

K0 �
DT
dh

dS ¼ K0 �
DT
h
� hl ¼ K0 � DT � l; ð5Þ
where K0 is intrinsic thermal conductivity of the non-defective bulk material. The temperature gradient is equal to DT
dh because

of the non-defective plate. Further, Qsum can be rewritten as K0 � DT � l, due to dS = dh � dl.
Thus,
Keff ¼ K0: ð6Þ
With defects inside of the TBCs plate shown in Fig. 1, the localized effects caused by any internal defect acting on the body
will dissipate or smooth out within region A. Furthermore, the resulting thermal gradient distribution at region B far away
from the defect will be the same as that caused by any other statically equivalent thermal load applied to the body without
Fig. 1. TBCs plate with defect inside subject to a temperature difference load. The dark color represents defect.
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defects inside. Because of the localized effects caused by defect, a nonlinear thermal gradient area (region A) will occur
around the defect. Since the thermal conductivity of air is very small as compared to that of the bulk material [13], zero con-
ductivity is assumed within defect areas in our models. The total heat power is rewritten as
Qsum ¼
Z

S
K0 � ðdrTÞTrTdS ¼

Z
B

K0 �
DT
h

dBþ
Z

A
K0 � ðdrTÞTrTdA ¼ K0

DT
h
½ð1� qÞ � hl� A� þ

Z
A
ðdrTÞTrTdA

� �
; ð7Þ
here, A is a function related to the shape and size of defect, and
R

AðdrTÞTrTdA is function related to A and DT
h .

According to Eqs. (4) and (7), Keff can be expressed as
Keff ¼ K0 � 1� q� A
hl
þ
R

AðdrTÞTrTdA
DT � l

" #
: ð8Þ
Considered
f A;
DT
h

� �
¼
R

AðdrTÞTrTdA
DT
h

; ð9aÞ

CK ¼ f A;
DT
h

� �
� A: ð9bÞ
Thus, the effective in-plane thermal conductivity of TBCs can be simplified as
Keff ¼ K0 1� q� CK

hl

� �
; ð10Þ
here, CK is an independent variable only affected by thermal nonlinear area around the defect. Certainly, CK should be proved
to have no relationship with thermal gradient and plate size. To this end, a finite element model of plate with an irregular
defect inside is shown in Fig. 2, where the area of the defect with determined shape and size is 0.06564 lm2, while the size of
plate model is changing. The calculated CK values with different DT, l, h are tabulated in Table 1. As seen in Table 1, though DT
Fig. 2. A finite element model of plate with an irregular defect inside.

Table 1
CK values with different DT, l, h

DT (�C) l (lm) h (lm) Keff /K0 CK (lm2)

1 2 2 0.9678 0.06316
10 4 2 0.984 0.06236
100 4 4 0.9919 0.06326
1000 8 8 0.998 0.06236
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changes from 1 �C to 1000 �C within different size geometry models, there is no significant change in CK, and the slight var-
iation of CK is simply due to the number of mesh elements which might cause somewhat calculation errors. Obviously, the
results from FEM analysis show that the DT, l, h have no effect on CK, which is only determined by the defect itself.

If there are n defects and defects are not affected by each other, the effective thermal conductivity of TBCs can be further
expressed as follows
Fig. 3.
inside a
differen
Keff ¼ K0 1� q�
Pn

i¼1CKðiÞ
hl

� �
: ð11Þ
It is found that if the defects are remote from the boundaries of TBCs and not affected by each other, there is no relation-
ship between the defects location in the TBCs and the effective thermal conductivity.

To better describe the effects of multiple effects on the effective thermal conductivity, the effects of defects on effective
thermal conductivity can be described as follows
Keff ¼ K0 1� D
hl

� �
; ð12aÞ

D ¼ q � hlþ
Xn

i¼1

CKðiÞ: ð12bÞ
D is the influence parameter of defects on the effective thermal conductivity, which is between 0 and h � l.When there is no
defect inside of TBCs, D is 0.

2.3. Effects of defects on the effective thermal conductivity

2.3.1. Effects of pores on the effective thermal conductivity
From Eq. 10, it is found that CK is an independent variable only affected by thermal nonlinear area around the defect.

Thus, CK can be further expressed as
CK ¼ k � f ðshapeÞ � SðdefectsÞ; ð13Þ
where, k is the influence factor; f(shape) is a function of the shape of defects; and S(defects) is the area of defects. With dif-
ferent pores radius a, S(defects) = p � a2,and f(shape) is a invariable parameter. Based on the above analysis, CK results with
different pore radius a can be written as:
CK ¼ a � a2: ð14Þ
CK results with v.s. pore radius a from FEM analyses are plotted in Fig. 3a, which indicates that a � 3:06:
Combining Eq (10) and Eq (14)
Keff ¼ K0 1� q� a � a2

hl

� �
: ð15Þ
If defects are composed of n pores and pores are not affected by each other. The effective thermal conductivity can be ex-
pressed as follows
Keff ¼ K0 1� q� a
Pn

i¼1a2
i

hl

� �
: ð16Þ
CK results from FEM analyses with (a) different pore radiuses. (b) different half of crack lengths. Finite element models of plate with different defects
re built to obtain CK values. Some slight varieties of CK expressions may occur due to the number of mesh elements is somewhat varying with
t size of defects and plates.
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Hence, the effects of pores on the effective thermal conductivity can be described as
Dp ¼ q � hlþ a
Xn

i¼1

a2
i : ð17Þ
2.3.2. Effects of cracks on the effective thermal conductivity
Consider a transverse crack in an infinite TBCs plate where the crack is parallel with the top of plate. Since the porosity

induced by a crack is so small that the porosity q can be assumed to be zero, the effective thermal conductivity along the
spray direction can be described as
Keff ¼ K0 1� CK

hl

� �
: ð18Þ
Suppose the shape of different transverse cracks can be simplified as oval with identical curvature. CK results with different
transverse crack length 2b can be expressed as:
CK ¼ b � b2 ð19Þ
CK results with different transverse crack length 2b from FEM analyses are plotted in Fig. 3b, which shows that b � 3:12:
Combining Eq. (18) and Eq. (19)
Keff ¼ K0 1� bc � b
2

hl

 !
: ð20Þ
Thus, the influence parameter of a transverse crack on the effective thermal conductivity can be described as
Dc ¼ b � b2
: ð21Þ
If defects are composed of n transverse cracks, cracks are not affected by each other. Since the porosity induced by n trans-
verse cracks can not be ignored, the effects of these cracks on the effective thermal conductivity along the spray direction can
be expressed as follows
Keff ¼ K0 1� q� bc

Pn
i¼1b2

i

hl

 !
: ð22Þ
Hence, the influence parameter of n transverse cracks on the effective thermal conductivity can be given by
DC ¼ q � hlþ b
Xn

i¼1

b2
i : ð23Þ
2.3.3. Effects of pores and cracks on the effective thermal conductivity
Suppose the TBCs microstructure is composed of m pores and n transverse cracks, and these defects are not affected by

each other. In such case, the effective thermal conductivity along the spray direction can be given by
Keff ¼ K0 1� q�
bp

Pm
i¼1a2

i þ bc

Pn
j¼1b2

j

hl

 !
: ð24Þ
Hence, the influence parameter of defects on the effective thermal conductivity can be described as
D ¼ q � hlþ a
Xm

i¼1

a2
i þ b

Xn

j¼1

b2
j ð25Þ
3. Calculation results of TBCs

A typical microstructure of plasma sprayed TBCs from the cross-section view by scanning electron microscopy (SEM) is
shown in Fig. 4. It includes yttria partially stabilized zirconia (YSZ) and defects. The model size is 120 lm � 90 lm within the
total porosity fraction of 3.68%. In the present work, we only study the effects of defects on the effective thermal conductiv-
ity, so the only parameter which influences the effective properties is the defects system without considering the influences
of interfaces, however, it is important to note that the splat interfaces are important contributors in defining the properties of
coatings (see more discussion in [21]). With one pixel corresponding to one finite element, the collection of pixels can be
changed to collection of finite elements. In this way, a finite element grid model with more than 40,000 quadrilateral ele-
ments in Fig. 5a based on the actual microstructure of TBCs is generated by digital image processing theory and finite ele-
ment mesh generation principle [22]. In addition, the results of the effective thermal conductivity are obtained through the



Fig. 4. The cross-section microstructure of TBCs (120 lm � 90 lm).

Fig. 5. The finite element grid model of TBCs with (a) all defects inside, CK = 1763 lm2, D = 2160 lm2. (b) only No.1 defect inside, CK (1) = 956 lm2, D
(1) = 956 lm2.
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steady-state heat transfer analysis. To obtain the effective thermal conductivity along the spray direction, a fixed tempera-
ture condition is prescribed in both the top and the bottom boundaries, and the other two boundaries are kept insulated.
Additionally, the intrinsic thermal conductivity of the non-defective bulk material of YSZ material is K0 = 2.2 W/mk. By
employing FEM analyses in conjunction with Eq. (3), the effective thermal conductivity along the spray direction is calcu-
lated as Keff = 1.76 W/mk.

Specify the longest transverse crack in Fig. 5b is the No.1 defect in Eq. (11), CK (1), which is with an approximate length of
35 lm. According to Eq. (19), CK (1) is given by
CKð1Þ ¼ b � b2 � 3:12� 17:52 ¼ 956 lm2 ð26Þ
Then, Eq. (11) can be rewritten as
Keff ¼ K0 1� q� CKð1Þ þ
Pn

i¼2CKðiÞ
hl

� �
; ð27aÞ

1:76 ¼ 2:2� 1� 0:036� 956þ
Pn

i¼2CKðiÞ
90� 120

� �
: ð27bÞ
Thus,
Xn

i¼2

CKðiÞ ¼ 807 lm2: ð28Þ
The influence parameter of defects on the effective thermal conductivity of TBCs can be expressed as
Dð1Þ ¼ CKð1Þ ¼ 956 lm2; ð29aÞ
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Xn

2

DðiÞ ¼
Xn

i¼2

CKðiÞ þ q � ðh � lÞ ¼ 1204 lm2; ð29bÞ

D ¼ Dð1Þ þ
Xn

2

DðiÞ ¼ 2160 lm2: ð29cÞ
Pn
i¼2DðiÞ > Dð1Þ, which indicates that the effect of the longest transverse crack is smaller than all the other defects combined

together. However, the longest transverse crack still by all odds plays the most important role for the effective thermal con-
ductivity of TBCs along the spray direction than any individual defect.

4. Conclusion

Based on the law of the conservation of energy, mathematical formulas of the effective in-plane thermal conductivity of
TBCs are proposed.

(1) With the aid of strict analytical calculation, the contribution of defects on the effective thermal conductivity of TBCs is
expressed as D ¼ q � hlþ

Pn
i¼1CKðiÞ, where CK is an independent variation of thermal nonlinear area around the defect, which

is only affected by the defect.
(2) By means of analytical mathematical formulations in conjunction with FEM results, CK of pore with radius a is fitted as

CK = a � a2, CK of transverse crack with length 2b is fitted as CK = b � b2.
(3) The effective thermal conductivity of plasma sprayed TBCs based on a typical actual microstructure is studied. The

effects of defects on the effective thermal conductivity of TBCs is expressed by influence parameter clearly, which shows that
the longest transverse crack plays the most important role for the effective thermal conductivity along the spray direction
than any individual defect.
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